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Abstract

We model noisy clustering data using random graphs: Clusters correspond
to disjoint sets of vertices. Two vertices from the same set (resp., different
sets) share an edge with probability p (resp., r < p). We give algorithms that
reconstruct the clusters from the graph with high probability. Compared to
previous studies, our algorithms have lower time complexity and apply under
wider parameter range.

1 Introduction

Clustering is a fundamental problem that has applications in many areas. We study
the clustering problem using a random graph model: A random cluster graph is a
random graph G = (V, E) which is built by the following process: The vertex set
V' is a union of disjoint sets Vi,...,V,, called clusters. Each two vertices from the
same set are connected by an edge with probability p, and each two vertices from
different sets are connected by an edge with probability » < p. The random choices
are all independent. The clustering problem is, given a random cluster graph G, to
find the clusters Vi,...,V,,.

The random cluster graph models a common situation in experimental data,
where noise obscures the true clusters: The probability 1 — p is the false negative
probability, i.e., the chance of incorrectly having no edge between two vertices of
a cluster. Similarly, r is the false positive probability. If errors of each type are
independent and identically distributed, one gets the above model.

In this paper we give several algorithms that solve the clustering problem with
high probability. When addressing the clustering problem under the random graph
model, several parameters are interrelated: Obviously, the smaller the gap A = p—r,
the harder the problem. Also, the size of the smallest cluster k£ = min, |V;] is limiting
the performance, as very small clusters may be undetectable due to noise. The value
k also bounds the number of clusters m. The challenge is to obtain provably good
performance for a wide range of values for each parameter. All previous studies

*A preliminary version containing some of the results has been published in the Proceedings of
the Eighth Scandinavian Workshop on Algorithm Theory (SWAT 02).

fSchool of Computer Science, Tel Aviv University. E-Mail: rshamir@tau.ac.il.

Department of Computer Science, Ben-Gurion University of the Negev. Email: dekelts@cs.
bgu.ac.il



addressed the problem when the number of clusters is constant and most studied
the case of two equal sized clusters. Our algorithms relax both of these assumptions
simultaneously and at the same time achieve better running time.

Let us be more precise. Denote the total number of vertices in the graph by n.
Our first result is an algorithm for the case when the sizes of the clusters are equal
or almost equal:

Theorem 1.1. There is an algorithm that solves the clustering problem with prob-
ability 1 — O(1/n) when max; |V;|/k < 1+1/(10000logn) and k > 108A~1y/nlogn.
The running time of the algorithm is O(m*A=*1log® n- (m+logn) +mA~2nlogn) =
O((m/logn + 1)n?).

We also give an algorithm for the general case where the clusters have arbitrary
sizes.

Theorem 1.2. For every constant € > 0 there is an algorithm that solves the cluster-
ing problem with probability 1—O(1/n) when k > 106283 A=1, /nTog n(v/Tog n+
A=), The running time of the algorithm is O(m°A=*1+) logn + m3>A~*log® n +
(m? + mA=?)nlogn) = O(mn?/logn).

We note that we did not optimize the constants in the bounds on k in the two
theorems since optimizing these constants would have complicated the proofs.

1.1 Previous Results

The random graph model was studied by several authors [1-6,8,9]. In these papers,
the input is a random cluster graph, and the goal is to find a vertex partition which
minimizes some function, e.g., the number of edges between different sets. It is not
hard to show that w.h.p., the partition V;,...,V,, is optimal, and therefore these
problems are asymptotically equivalent to the clustering problem. A comparison
between the results of these papers and our results is given in Table 1. The al-
gorithms presented here have a wider range of provable performance than each of
the previous algorithms, and are also faster when restricted to the same parameter
range. For example, for unequal sized clusters, the algorithm of Ben-Dor et al. [1]
requires k = Q(n) and A = Q(1), while our algorithm can handle instances with
k = ©(y/nlogn), and instances with A = ©(n~1/2¥¢). Furthermore, under the re-
quirements of Ben-Dor et al., the running time of our algorithm is O(nlogn). For
the case of two equal sized clusters, our algorithm handles almost the same range
of A as the algorithm of Boppana [2], but our algorithm is faster, and is also more
general since it handles as many as m = ©(y/n/logn) clusters.

We note that Table 1 cites results as given in the papers, even though in several
cases better results can be obtained by improving the analysis or by making small
modifications to the algorithms. For example, the algorithm of Condon and Karp
can be extended to the case when the number of clusters is non-constant. Also, the
running time of the algorithm of Ben-Dor et al. can be reduced to O(nlogn) [14].

Independently, McSherry [11] gave a polynomial time algorithm for the clustering
problem that requires that k = Q(A~!'y/nlogn + A=2/3n2/3). For the case of equal
sized clusters, our algorithm has a wider range of & when A = w(n~"?1og®n), while
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(a) General case.

Paper Requirements Complexity
k A
Ben-Dor et al. [1]  Q(n) Q(1) O(n?1og®® n)
This paper QA Yynlogn(vIogn + A~¢))  Q(n~Y2+)*  O(mn?/logn)
(b) Equal sized clusters.
Paper Requirements Complexity
m A
Dyer & Frieze [5] 2 Q(n="*1og"* n) O(n?)
Boppana [2] 2 Q(y/pn?logn)  nPW
Jerrum & Sorkin [8] 2 Q(n~1/6%€) O(n?)
Jules [9] 2 Q1) O(n?)
Condon & Karp [4] O(1) Q(n~1/2+) O(n?)
Carson & Impagliazzo [3] 2 w(/pn~1?logn) O(n?)
Feige & Kilian [6] 2 Q(y/pn~2y/logn)  nOW
This paper O(y/n/logn)*  Q(mn~'?logn) O((gg5 +1)n?)

Table 1: Results on the clustering problem (sorted in chronological order). For the
comparison, the lower bound k& = Q(A~'y/nlogn) of our algorithm for equal sized
clusters was translated to a lower bound on A using the fact that & < n/m. Note
that all previous papers assume m = 2 or m = O(1) (the requirement k = Q(n)
in [1] implies that m = O(1)), and all except [1] assume equal sized clusters. For the
values that are marked by *, no implicit requirement is made, and the requirement
is implied by the bound on the other parameter.

McSherry’s algorithm has a wider range of & when A = o(n""/?log®n) (note that
McSherry’s algorithm has a lower bound of Q(n~'/2y/logn) on A). For the case of
unequal clusters, our algorithm has a wider range of k when A > n~1/?*¢ for some
e > 0, while McSherry’s algorithm has a wider range of k¥ when A is smaller.

1.2 Outline of our approach

In the rest of this section we outline the basic techniques that we use and their
differences from previous studies. Our approach is similar to that of the algorithm
of Condon and Karp [4] (we will refer to it as the CK algorithm). For a vertex v in
a graph G, and a set S of vertices of G, let dg(v) denote the number of neighbors of
vin S. We will first give a detailed description of the CK algorithm (in a slightly
simplified version, for clarity):

1. Begin with empty sets L and R. Choose n/4 pairs of vertices (without repeti-
tions). Repeatedly, for each pair v, w, compute the expressions dr(v) — dgr(v)
and dr(w) — dr(w). Add the vertex whose expression is larger to L, and add
the other vertex to R.



2. Sort all the vertices in decreasing order according to their dp(-) values, and
find the largest gap in the sorted sequence. If this gap is small, output V' and
stop. Otherwise, put the vertices before the gap into a set L', and the vertices
after the gap into a set R'.

3. Recursively solve the problem on the subgraph induced by L’ and on the
subgraph induced by R'.

We will say that each pair v, w in step 1 are in a duel, and the winner of the duel
is the vertex whose expression is larger.

The analysis of the algorithm is based on the notion of imbalance: The L, R-
imbalance of a cluster V; is the number of vertices of V; in L minus the number of
vertices of V; in R. The imbalance of L, R is the maximum value amongst the L, R-
imbalance of the clusters, and the secondary imbalance of L, R is the second largest
value. Let [q,...,[,, denote the L, R-imbalances of the cluster Vi,...,V,, at some
point of the algorithm, sorted in a non increasing order (namely, [y > lo > -+ > [,,).
Condon and Karp showed that during the first step of the algorithm, the imbalance
of L, R behaves like a random walk with growing bias for increase. The general idea
of the proof is that the imbalance changes only when there is a duel in which one
vertex is from V; and the other vertex is not. Furthermore, for such a duel, it is
more likely that the vertex from V; will win (namely, the vertex will be added to
L), and therefore the imbalance will increase. More precisely, given some vertices
v,w ¢ LU R, the random variable X = (dp(v) — dg(v)) — (dp(w) — dr(w)) is a
sum of 4|L| independent random variables. The expectation of X depends on the
L, R-imbalances of the clusters that contain v and w: If v € V; and w € V; then
the expectation of X is A|L|- (I; — [;). Using estimates on sums of independent
random variables (Esseen’s inequality), it is shown that the probability that v will
win (which is equal to the probability that X > 0 plus half of the probability that
X = 0)is 1/2 + Qmin(1, (I; — 1;)A/+/|L])) for i > j. It follows that with high
probability (w.h.p.), at the end of Step 1, the imbalance of L, R is O(n).

We now consider the second step of the algorithm, which we will call the splitting
step, and suppose that there are at least two clusters. Using Chernoff bounds, w.h.p.,
for every vertex v, the deviation of dy,(v) from its expectation is at most o = n!'/2+</2,
The expectation of dz(v) depends on the imbalance of the cluster that contains v:
If v € V; then the expectation of dy(v) is roughly A; = A(£ 4 1;/2) +r%. There is
an index ¢ such that [; —l;11 > (I3 — ) /(m —1) = Q(n/m) (the last equality follows
from the fact that I; = ©(n) and [,, < 0). Therefore, A; — A;y1 = Q(An/m) =
Q(n'/?*9), and the largest gap in the sorted sequence of dp(-) values is at least
Ai — A — 2a = Q(n'/?+). Tt follows that w.h.p., every cluster V;, is contained
either in L/ or in R’

We now give a short description of our algorithms. The main difference between
our algorithm and the CK algorithm is the distribution of the [l;-s. The success
of the splitting step in the CK algorithm depends on having a large gap in the
sequence of the [;-s. As shown previously, this gap is €(n/m), and this bound
is true also in case m is not a constant (this case was not analyzed by Condon
and Karp). Furthermore, this lower bound is likely to be tight: Condon and Karp
conjectured (and showed in simulations) that w.h.p., at the end of Step 1, the [;-s
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are distributed uniformly between [ = (1 — 1/m);% and —[, namely [y,...,l, ~
I (1—- %)l, (1 - %)l, oo, —=(1 = %)l, —[. This implies that the largest gap in the
li-s sequence is ©(n/m). In contrast, our algorithms were designed in order to keep
the value of l; much smaller than I; (for example, l; < %ll), and use this fact to
achieve a ©(n) gap. This allows us to give better algorithms for the case where m
1s non-constant.

In order to build the sets L and R with the desired imbalances, our algorithm
performs the following steps:

Initialization Build sets Ly and Ry with “large” imbalance and “small” secondary
imbalance.

Imbalance amplification Fort = 1,2, ... build a pair of sets L;, R; from L; 1, R;_1
such that the imbalance of L;, R; is at least twice the imbalance of L;_1, R;_1,
and the secondary imbalance of L;, R; is much smaller than the imbalance of
L, R;.

For building the pair L;, R; from L; 1, R;_1, we use a process similar to the CK
algorithm. We perform duels between disjoint pairs of vertices from V —(L;_jUR;_1):
For each pair v, w we compute the expressions dy, ,(v) — dg,_,(v) and d, ,(w) —
dg,_,(w). The vertex whose expression is larger is added to L;, and the other vertex
is added to R;. Our algorithm and its analysis are similar to the CK algorithm, but
there are several important differences:

e Asdescribed above, the analysis of the CK algorithm involves only [y, while our
analysis is for all the ;-s (in our algorithm, the [;-s are the L;, R;-imbalances
for the current pair Ly, R;).

e In the CK algorithm, the outcome of a duel depends on the outcome of all
previous duels. Due to the strong dependency between the duels, the analysis
of the CK algorithm uses bounds on biased random walk. In our algorithm, the
duels that are performed when building L; and R; depend only on the outcome
of the duels that were performed when building L;_; and R;_;. Due to this
limited dependency, we do not need to use random walks in our analysis, and
we are able to give tighter bounds on behavior of the [;-s.

e In our algorithm, the behavior of the [;-s goes a phase transition when ¢ in-
creases: For small ¢, the [;-s behave “nicely”, that is I < %ll. However, for
large t, the behavior changes, and in particular [, might be very close to [;. We
therefore need to stop the imbalance amplification stage at the correct step.
In contrast, the CK algorithm does not require stopping at a precise step.

e Since in our algorithm we have a large gap between [; and [, we can use a
modified splitting step: Instead of finding the maximum gap in the sorted
dr(-) values, we find the first gap which is large enough. The result is that
w.h.p. the set L' will contain only one cluster (V7).



We note that the algorithms presented here might not be directly applicable in real-
life applications since our analysis holds only for large n, and since real life data
might not behave like the random cluster graph model. However, the ideas we use
may lead to improved heuristic algorithms.

The rest of this paper is organized as follows: Section 2 contains notation and
estimates on the sum of independent random variables. Section 3 and Section 4
contain the basic ideas for the algorithms. The algorithm for the case of almost
equal sized clusters is given in Section 5, and the algorithm for the general case is
given in Section 6. We provide at the end of the paper a list of the main symbols
used in the paper and their meaning.

2 Preliminaries

For a graph G = (V, E) and a vertex v € V, we denote by N(v) the set of neighbors
of v. We use d(v) to denote the degree of a vertex v, namely d(v) = |[N(v)|. For
a vertex v and a set S of vertices, denote dg(v) = |N(v) NS|. In particular, for
u # v, dgy(v) is equal to 1 if (u,v) € E and 0 otherwise. For a set of vertices S, let
G denote the subgraph of G induced by S. When we need to distinguish between
several graphs, we will use ng to denote the number of vertices in the graph G, and
we will do the same for other parameters of G.

For proving the correctness of our algorithms we need the following known results
which give estimates on the sum of independent random variables.

Theorem 2.1 (Esseen’s Inequality). Let X,..., X, be independent random vari-
ables such that E || X;’] < oo fori=1,...,n. Let X =Y " X;, B, => .1 | E[X}],
and L, = B, Y0 E[|X, — E[X)])’]. Then |P[X > 0] — ®(E[X]/VB,)| <
AL,, where A is an absolute constant and ®(x) denotes the normal (0,1) cumula-
tive distribution function.

For a proof of Esseen’s inequality see [12, p. 111]. Esseen’s inequality holds for
A= % [13].

Esseen’s inequality gives an estimate on the distribution of a sum of independent
random variables. A stronger estimate on the tail of this distribution and other
distributions is given by the following theorem of McDiarmid [10] (this theorem
generalizes previous results by Hoeffding [7] and others).

Theorem 2.2. Let Xy,..., X, be random variables, with 0 < X; <1 for all i, and
let Yy = 37 Xj. If for alli > 2, E[X,|Y; 1 = 1] is a non-increasing function
of x, then P[Y, — E[Y,] >a] < L(n,E[Y,],a) for every a < n — E|Y,], where

" u+a n—p n—pu—a
L(n, p,a) = (m) (m) ‘

We shall use Theorem 2.2 on two types of distributions: sum of independent random
variables distribution and the hypergeometric distribution (see [10]). Using standard
bounds on L(n, i1, a) we obtain the following corollaries:

Corollary 2.3. Let Xy,...,X, be independent Bernoulli random variables, and
let X = S0 X, If E[X] <y then P[|X — E[X]| >a] < 2e=%/3% for every
0<a<y.



Corollary 2.4. Let A be a set with n elements, and B be a subset of A with k ele-
ments. Let S be a random subset of A of size s. ]f%s <y then P H\B ns|— %s‘ > al

2~/ for every 0 < a < y.

In the next sections, we use Corollary 2.4 in a slightly different scenario: The set S
is chosen randomly from A —.S’, where S’ is a random set subset of A that is chosen
before S is chosen. Choosing S’ C A and then S C A — S’ is equivalent to choosing
S C A and then S C A — S. Therefore, we can still use Corollary 2.4 on S.

3 The basic algorithm

In this section we give a top-level description of our algorithms.

Let G = (V, F) be a random cluster graph. Denote A; = |V;| and a; = |V;|/n. We
also denote Ay = max; A; and Gpax = Amax/n. A set S CV is called a subcluster
if § CV; for some cluster V;. An induced subgraph Gy is called a cluster collection
if for all 4, either V; C S or V; C V —S. Suppose we have a procedure Find(G, S, A,)
that receives a random cluster graph G = (V, E), aset S C V and a lower bound A,
on A. Find(G, S, A.) returns a subcluster of G of size Q(logn/A?) that is contained
in S. To compute this subcluster, procedure Find only considers vertices and edges
in Gg. Now, we use the following algorithm for solving the clustering problem:
Repeatedly, find a subcluster S in the input graph, find the cluster that contains S
(using a procedure similar to the splitting step of the CK algorithm), and remove
the cluster from the graph. We now give a formal description of the algorithm. The
input to algorithm Solve is an input graph G, and a lower bound A, on the value
of A. In the following, when we write t — 1, the subtraction is performed modulo 3,
that ist —1 =3 when ¢t = 1.

Solve(G, A,):

1: while True

2: Randomly partition the vertices of GG into equal sized sets Wy, W5, and Ws.

3: SO — FlIld(G, Wg, Ae).

4: Let n be the number of vertices of G, s = 2001logn/A? and D = 4/3\/slogn.

5: Fort=1,2,3do

6: If t = 1 then let S’;_; be a random subset of S of size s.

7 else let S’;_; be a random subset of S;_; of size s.

8: Let vf,...,v, 3 be an ordering of W; such that dg, ,(vi) > dg, ,(v5) >
e 2 dS’t71 ('UZ/:&)

9: If max;{dg,_, (vj) — ds,_, (v},,)} < D then output V" and stop.

10: Let j be the index such that dgr,_, (v}) — dg,_, (v},,) is maximum.

11: Let Sy = {vf,...,v}}.

12: If |S;| < s then stop.

13:  Output S; U S5 U S5 and delete the vertices in S7; U .S, U S5 from G.

See also Figure 1. For simplicity, we omit floors and ceilings from the description
of the algorithm and its proof.

Note that the partition of the graph into three parts is done in order to avoid
dependencies. This partition guarantees that on step 8 of the algorithm when t =1,
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Figure 1: The sets created by algorithm Solve. The edges represented are counted
by the algorithm. For example, the set Sy is built by looking at the edges between
Wy and Sj.

for every u € 54 and v € W, the existence of an edge between u and v is independent
of the choice of the set S;. To see this, suppose that the edges of the graph are
not chosen before the algorithm begins, but instead, the existence of an edge is
determined randomly when the algorithm first checks the existence of that edge.
Since procedure Find only considers edges with both endpoints in W3, the existence
of the edges between W3 and W has not been determined when the algorithm enters
step 8, so for each u € W3 and v € W7, the event that there is an edge between u
and v is independent of the choice of S%. In fact, this would remain true, even if the
set S5 is chosen by an adversary that can only look at edges in Gyy,. We note that
it is suffices to partition the input graph G into two parts. However, we chose to
use three parts to simplify the presentation.

The above principle will be used in other parts of our algorithms: We say that
a pair of vertices (u,v) is considered in some step of the algorithm if in that step,
the existence of an edge (u,v) is checked by the algorithm (for example, (u,v) is
considered when the value of dg(u) is computed for some set S that contains v). A
main design principle in our algorithms is to try to consider each pair (u,v) only
once during the run of the algorithm.

Unfortunately, we cannot meet the goal above: During algorithm Solve, a pair
(u, v) is considered only once in each iteration of the algorithm, but can be considered
several times in different iterations. Thus, we need to change our goal of considering
each pair only once. We assume that procedure Find consists of two stages. The first
stage determines the cluster V; from which the procedure will return a subcluster,
and the second stage finds a subcluster of V;. We say that a pair of vertices (u,v)
is tmportant if it is considered during the first stage of some call to procedure Find.
We will design our algorithms so they will have the following property:

Property 1. Each important pair is considered only once during the entire run of
the algorithm.

This property suffices for avoiding dependencies between the iterations of algorithm
Solve as the remaining graph G in the i-th iteration of the algorithm depends only
on the important pairs of the first i — 1 calls to procedure Find (assuming that
the first ¢ — 1 iterations successfully found i — 1 clusters of the graph). In other



words, the unimportant pairs that were considered during the first ¢« — 1 iterations
(in the second stage of procedure Find or in steps 5-12 of algorithm Solve) have no
influence on the ¢-th iteration, so we can assume for the analysis that there were no
unimportant edges in the first ¢ — 1 iterations.

Let ¢(G) be an upper bound on the running time of procedure Find on an input
graph G. The bounds we will use below have the property that ¢(G') < ¢(G) for
every every cluster collection G’ of G (this follows from the fact that ¢(G) will be
a polynomial in mg, logng, and Aal, and we have that mg < mg, ng < ng, and
Ag = Ag). We use this property in the proof of the following lemma.

Lemma 3.1. Suppose that Find(G,S,A.) returns a subcluster of size at least
12001ogn/A? with probability 1 — O(1/n3). If k£ > \/n and A, < A then algo-
rithm Solve solves the clustering problem with probability 1 —O(1/n). The running
time of algorithm Solve is O(mt(G) + mnlogn/A?) with probability 1 — O(1/n).

Proof. The main idea for the proof is that the number of edges between a vertex
v and a set S C V; is a random variable whose distribution depends on whether
v € V;. With high probability, the values dg(v) for all v € V; are significantly larger
than the values dg(v) for all v ¢ V;, so the algorithm correctly separates the vertices
of V; from the rest of the vertices.

Consider the first iteration of the algorithm. Assuming that Find(G, W3, A.) did
not fail, let V; be the cluster for which Sy C V;. We shall show that if G consists of
one cluster, then with probability 1 — O(1/n3) the algorithm stops at Step 9, and
otherwise, S; U Sy U S3 = V; with probability 1 — O(1/n?).

We claim that the first iteration fails only if at least one of the following events
happens:

L. |dg (v) = E [dsgil(v)] ’ > 1D for some t € {1,2,3} and some vertex v € W,
(assuming that the set S;_; was built by algorithm Solve).

2. [V;NWy| < ¢ A; for some j and t.
3. Find(G, W3, A,) failed.

We will first bound the probability of these events, and then we will show that if
none of these events happens, then the first iteration does not fail.

To bound the probability of the first event, note that £ |:d5£71 (v)] < s,2v/3/slogn <

s, and the edges between W;_; and W, are independent of the choice of S. Therefore,
using Corollary 2.3 we get that for a fixed ¢ and a fixed v € W, the probability that

ds; (v) — E [dsgfl(U)H > 2V/3y/slogn = 1D is O(e~(®V3Vsloen?/3s) = O(n~1).
Thus, event 1 happens with probability O(n=3).

For fixed j and ¢, Corollary 2.4 gives that the probability that |[V;NW;|—$A;| >
$A;is O(e ~(349)/3) = O(e~5V™). Therefore, event 2 happens with probability O(3m-

e 9\/_) = o(n™3). Finally, event 3 happens with probability O(n™?).

Now assume that events 1-3 do not happen, and consider the first iteration of
steps 5-12 (namely, ¢ = 1). For v € V; we have that E [dg (v)] = sp, and for
v ¢ Vi we have E [dg;(v)] = sr. Using the assumption that event 1 does not
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happen, we have that if G consists of one cluster, then [dg;(v) — dg;(v')| < D for
all v,v" € Wy, and therefore, algorithm Solve stops at Step 9. Otherwise, for two
vertices v, v’ € Wy, if either v,v" € V; or v,v" ¢ V; then |dg; (v) —dg; (v)] < D, and if
v € Viand v' ¢ V; then dg; (v) —dg; (v') > sp—sr—D > sA.—D > D. It follows that
algorithm Solve does not stop at Step 9 when ¢t = 1, and furthermore, S; = V;NWj.
Moreover, since event 2 does not happen, it follows that [V;NW;| > $4; > £|So| > s,
so the algorithm does not stop at Step 12 when ¢ = 1. Using the same arguments,
SQZWQWQ and ngmﬂW;;.

Now, using the same arguments as above, the failure probability in the i-th
iteration, assuming the first i — 1 iterations succeeded, is O(1/n3), where n; is
number of vertices in the graph remaining after the first + — 1 iterations. We have
that n; > k > /n, so the failure probability at each iteration is O(1/n*?). It follows
that the failure probability of the algorithm is O(m/n*/?), and since m < n/k < \/n,
we obtain that the overall failure probability is O(1/n).

From the correctness of the algorithm, we have that algorithm Solve performs
exactly m iterations with probability 1 — O(1/n) (note that if events 1-3 occur
during the run of the algorithm, the set S; U Sy U S5 which is removed from the
graph may not be a cluster, and therefore the algorithm may perform more than m
iterations). The time complexity of a single iteration is O(t(G) +nlogn/A?), where
the second term is the time for computing the degrees at step 8 (sorting the degrees
can be done in O(n) time by bin sorting). |

Algorithm Solve requires the knowledge of some lower bound A, on A. Such bound
can be obtained from the bounds on k in Theorems 1.1 and 1.2. For example, if
the bound on %k in Theorem 1.1 is satisfied, then A > 10%logn/y/n. To simplify
the presentation, we will assume for the next algorithms that A and m are known.
The case where these parameters are not known can be handled by replacing the
terms A and m in the algorithms descriptions by A. and m,., where A, is a lower
bound on A and m, is an upper bound on m. It is easy to verify that the following
proofs remain correct under these replacements. The intuition for this is that when
using A, and m,, the algorithm builds larger sets, and therefore the error due to
“randomness” is smaller.

3.1 Handling large clusters and close edge probabilities

In order to present procedure Find, we will need the following additional require-
ments on the input graph:

(R1) k > cy/nlog®n/AP for some constants «, 3, ¢ > 0.
(R2) p.r € [3. 3.

(R3) amax < % orm=1.

Note that if a graph G satisfies (R1) then every cluster collection G’ of G’ satisfies
(R1) as the size of the smallest cluster in G’ is greater or equal to the size of the
smallest cluster in G.
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While requirement of the type (R1) is understandable, we would like to get rid
of (R2) and (R3). We will show how to deal with these requirements in the rest of
this section. That is, we will show that if we have a procedure Find that works on
graphs that satisfy (R1)-(R3), then we can solve the clustering problem on every
graph that satisfies (R1).

Let Solve; be a procedure that runs the first iteration of algorithm Solve on its
input (namely, Solve; finds one cluster in the input graph). To eliminate (R3) we
use a procedure that recursively partitions the input graph into cluster collections
until subgraphs that satisfy (R3) are obtained. This is done as follows:

Solvey (G):

1: Randomly partition the vertices of G into equal sized sets Wy, W5, and Wj.

2: Let s = 16000logn/A? and D = 8/3+/slogn.

: Randomly choose a set W3 of unmarked vertices from Wi of size s, and mark all

the vertices of Wi.

4: Let v1,...,v,3 be an ordering of W such that dw;(vi) > dwy(ve) > --+ >
dw; (Vns3)-

5. If I'Ilan{dwé (Uj) — dw(; (Uj—i-l)} < D

6: R «— Solve, (G).

7 Output R.

8: If R =V then stop.

9 else call Solvey(Gy_g).

10: else

11:  Let j be the first index for which dy;(v;) — dw;(vj1) > D.

12: Let Sl = {’Ul, ce ,Uj} and do = dwé(’U])

13:  Fort=2,3do

14: Randomly choose a set W/_; of unmarked vertices from W;_; of size s, and
mark all the vertices of W/_;.
15: Let St = {’U < Wt|th/71(U) > do — D/Q}

16: RHSHUSQUS:;.
17:  Call Solvey(Gg) and Solvey(Gy_g).

Note that the marks on the vertices are maintained globally, namely, a vertex
that is marked when Solves is called on a graph G remains marked when Solve, is
called on subgraphs of G. In order to avoid dependencies, we can make sure that
the vertices that are chosen by Solves in steps 3 and 14 will not be chosen in other
steps of the algorithm, and therefore every pairs of vertices that is considered by
Solve, in steps 4 and 15 is considered only once during the entire algorithm.

Lemma 3.2. If procedure Find returns with probability 1 —O(1/n?) a subcluster of
size at least 12001logn/A? on graphs that satisfy (R1)—(R3), then with probability
1 — O(1/n), algorithm Solve, solves the clustering problem on graphs that satisfy
(R1) and (R2). The running time of algorithm Solve, is O(mt(G) + mnlogn/A?)
with probability 1 — O(1/n).

Proof. The lemma will be proved using the fact that the number of edges between
a vertex v and a random set of vertices T' is a random variable, whose distribution
depends on the size of the cluster V; that contains v. In particular, if V; is a cluster
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of size at least %n, then w.h.p., the vertices of V; will have more edges to T' than
vertices in V' —V;, and this allows the algorithm to split the graph G into two cluster
collections, Gy, and Gy _y;, in steps 11-17. The algorithm might execute steps 11-17
even if apa, < % Therefore, we need to show that in that case, Gr and Gy _p are
cluster collections.

The following events may cause algorithm Solve, to fail during the first invocation
of the algorithm:

L |dw; (v)—E [th’,l(U)} ‘ > 1D for some ¢ € {1, 2,3} and some vertex v € W,

(as before, t — 1 is computed modulo 3).
2. |[V;N S| — a;s| > 5D for some i.
3. Solve; (G) failed (assuming step 6 is executed).

We claim that events 1-3 happen with probability O(n=3): For event 1 this is true
due to Corollary 2.3. For event 2, this follows from Corollary 2.4. Finally, the proof
of Lemma 3.1 gives that probability that event 3 happens is O(n™%), assuming that
(R3) is satisfied.

Now, assume that events 1 and 2 do not happen. We first show that (R3) is
satisfied if step 6 is executed. To show this, we will show that if (R3) is not satisfied,
then the condition in step 5 is not satisfied. Suppose that (R3) is not satisfied,
namely a; > 2/3 for some cluster V;. Denote A’ = [V; N W;|. For v € V; N W we
have that E [dy;(v)|A}] = Ajp+ (s — A})r = sr + AJA. Therefore, for v € V; N Wy
and v' € V; N W (for j # i) we have

1 1 1 1
dwé(’U) — dwé(’U/) > (87" + (CLZ'S — §D)A — §D) — (87" + CLjSA + §DA + §D)

— (a5 — a;)sA — (1+ A)D > %sA—2D > D.

Since this is true for all v and v’, we obtain that min,cv;nw, dw;(v)—max,ew, v, dw;(v) >
D, so the condition in step 5 is not satisfied. For the rest of the proof, assume that
events 1-3 do not happen.

If the condition in step 5 of the algorithm is satisfied then R is a cluster and
Gy_gr is a cluster collection. We next show that if the condition in step 5 is not
satisfied then Gr and Gy _p are cluster collections. To show this, we will show
that G, is a cluster collection of Gy, for t = 1,2, 3, and moreover, the collections
Gg,, Gg,, and Gg, contain the same clusters, namely V; N W; C S if and only if
VinWy C S5, and if and only if V; N W3 C Ss.

Suppose that the condition in step 5 is not satisfied, namely max;{dw;(v;) —
dw;(vjy1)} > D. Then, for every cluster V;, the set Vi N W, is contained in either
Sy or Wy — 8 (as for two vertices v and v’ from the same cluster we have |dy;(v) —
dy; (v")| < D). In other words, G, is a cluster collection of Gy, .

For two vertices v € W; and v € W, from some cluster V;, we have that
E [dw;(v)] = E [dw;(v")]. Therefore, |dy;(v) — dw;(v')| < 3D. Furthermore, if
Vin Wiy C S; then dy;(v) > dy and otherwise dy;(v) < do — D. In the former case
we have dyy(v') > dy — 3D, and in the latter case dy;(v') < dg — 3D. We conclude
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that V; N W5 is contained in either Sy or Wy — Sy, and V; N Wy C Sy if and only if
ViNW; C S;. The same can be shown for V; N W3. Therefore, Gg and Gy _g are
cluster collections.

Let G1,...,G,, denote the graphs on which procedure Solve; is called during
the run of Solvey(G). From the above, we have that the failure probability of the
algorithm is O(37", ng’) = O(m'/n*?) = O(1/n). We now compute the running
time of algorithm Solves. The total number of calls to Solve, is at most 2m (there
are at most m calls to Solvey in which the condition in step 5 is satisfied, and at
most m calls in which the condition is not satisfied). Therefore, the total time not
including the calls to Solve; is O(m - sn) = O(mnlogn/A?). The total time of the
calls to Solve; is O(X™, (H(G;) + ng, log ng, /A2)) = O(mt(G) + mnlogn/A?). =

i=1

To eliminate (R2), we transform the input graph to a graph that always satisfies
(R2) using the following algorithm:

Solves(G):

1: Build a graph G’ on the vertex set of GG in the following way: For every pair of
vertices u and v, add the edge (u,v) to G’ with probability % if (u,v) is an edge
in GG, and with probability i otherwise.

2: Call Solvey(G').

Lemma 3.3. If procedure Find returns with probability 1 —O(1/n3) a subcluster of
size at least 1200 logn/A? on graphs that satisfy (R1)—(R3) (where (R1) is satisfied
with constants a, (3, and c¢), then with probability 1 — O(1/n), algorithm Solves
solves the clustering problem on in input graphs that satisfy (R1) (with constants
a, B, and 2° - ¢). The running time of Solves is O(mt(G’) + mnlogn/A?) with
probability 1 — O(1/n).

Proof. Clearly, G’ is a random cluster graph on the clusters Vi, ..., V,, with edge
probabilities por = %pg + i(l —pg) = %pg + i and rg = %TG + i. Moreover, G’
satisfies (R1) (as Aer = 3A¢) and (R2), so by Lemma 3.2, algorithm Solves(G)

solves the clustering problem with probability 1 — O(1/n). |

4 The partition procedure

In the previous section, we presented the basic structure of our algorithms. We still
need to show how to build procedure Find, namely, how to find a subcluster of size
at least 1200 logn/A2?. In this section we give the main ideas, and we will use these
ideas in sections 5 and 6 to explicitly build procedure Find.

One of the key elements we use is the notion of imbalance which was also used
in [8] and [4]. We use here a slightly different definition for imbalance than the one
used in these papers (and in the introduction): For two disjoint sets L, R of vertices,
with |L| = |R|, we define the L, R-imbalance of V;, denoted I(V;, L, R), by

_WVinL| - |ViN R

1(V;, L. R) 7

13



The imbalance of L, R is the maximum value amongst [(Vi, L, R), ..., 1(V,,, L, R),
and the secondary imbalance of L, R is the second largest value (the secondary
imbalance is equal to the imbalance if the maximum value appears more than once).
A pair of sets L, R for which the secondary imbalance of L, R is at most ¢ times the
imbalance of L, R will be called an §-unbalanced pair. We will show later that given
a d-unbalanced pair (for some constant § < 1) whose imbalance is large enough, it
is possible to generate a subcluster. Therefore, our goal is to generate such a pair.

Let T be a random subset of V' and let f: T" — IN be some function that depends
on the edges of G. Since G is a random graph, we have that each f(v) is a random
variable. The function f is called a cluster function if { f(v)|v € T'} are independent
random variables, and for every u,v € T that belong to the same cluster, f(u) and
f(v) have the same distribution. For example, if u is some vertex of G and 7' is a
random subset of V' — {u} then f(v) = d,(v) is a cluster function.

If the values of f for vertices of one cluster are always greater than the values
of f for the vertices of the other clusters, then we can easily generate a subcluster
by picking vertices with largest f-value. However, we are able to give such a cluster
function f only when A is large. For smaller value of A, we are able to give a
cluster function f with the following property: The expectation of f(v) for vertices
of one cluster, say V), is larger than the expectation of f(v) for vertices of the other
clusters, and the variance of f(v) is “small” for all v. We can use this property of
f to build an unbalanced pair L, R by performing a series of duels between random
pairs of vertices of the graph. In a duel between the vertices v and w, we compute
the values f(v) and f(w) and the winner is the vertex whose f-value is larger. If
f has the property described above then a vertex from V; is likely to win in a duel
against a vertex from V — Vi, so by taking L to be the set of winners and R to be
the set of losers, we obtain that the L, R-imbalance of V; is large.

Formally, we define procedure Partition as follows (here 7' is a set of vertices):

Partition(G, T, f):
1: Begin with two empty sets L and R. Randomly partition the vertices of T" into
pairs. For each pair v, w, place the vertex with larger f-value into L and the

other into R, breaking ties randomly.
2: Return L, R.

We note that procedure Partition is very similar to the algorithm of Condon and
Karp [4], and the cluster function of Lemma 4.3 is also used in [4].

We now analyze procedure Partition. We begin with some definitions. Let
pi;(f) = Plf(v) > f(w)lve VinT,w e V;NT] (we will write p;; if f is clear from
the context), and let p;;(f) and pj(f) be the conditional probabilities that f(v) =
f(w) and f(v) < f(w), respectively. Let ¢;(f) = 2a;);.; a;(pi;(f) — p55(f))-
Suppose that L and R are the output of a call to Partition(G, T, f) and denote
bi = L(V;, L, R).

Before we analyze procedure Partition, consider a process similar to procedure
Partition which perform duels between pairs of vertices that are randomly chosen
from all vertices of the graph, with repetitions (we also assume that f(v) is defined for
all vertices of the graph). Let L’ (resp., R') be the set of winners (resp., losers), and
let o) =1(V;, L', R'). It is easy to verify that E [b)] = ¢;(f). Moreover, Corollary 2.3
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gives that |0 — E [b}]| = O(y/a;l=" - logn) with high probability. This analysis uses
the fact that the vertices chosen by the process are independent. However, in pro-
cedure Partition, there are dependencies between the vertices of the different pairs.
We will show below that these dependencies do not change the picture by much.
That is, b; behaves similarly to b;.

Theorem 4.1. Let T is a random subset of V of size 2. If k > 1200logn, [ >
9logn/amax and I < n/4, then with probability 1 — O(1/n3?), |b; — ¢;(f)] < 720 max -

vmil~tlogn for all i.

Proof. Since T is a random set, the process of choosing 7" and then randomly
partitioning 7" into pairs is equivalent to the process of selecting vertices uy, ..., uy
from V' (one after another) and pairing ug;_; and uy for each t. We denote by I}
(resp., I?) the number of indices ¢ for which ug_; € Vi, ug ¢ V;, and ug_y (resp.,
ug) is inserted into L. Similarly, we denote by I? (I}') the number of indices ¢
for which ugy1 ¢ Vi, ugy € Vi, and wug (ug_1) is inserted into L. Clearly, b; =
(I} + 1} — I? — I') /1. We will bound each of the values I}, ..., I to obtain a bound
on b;. We will now give an estimate on I} for some fixed i. We will bound I}
from above and below with random variables that are sums of independent random
variables.

Denote a} = P [u, € Vj] and S = {uy, ..., u,1}. Clearly, aj = |V; — S|/|[V - S|.
Applying Corollary 2.4 (with y = A;), we have with probability 1 — O(mn -n=%) =
1—0(1/n*) that ||[V; N S| — (r — 1)a;j] < /36 A;logn for all j and r (we use the
fact that A; > k > 1200logn and thus /184, logn < A;). For the rest of the proof
assume that these inequalities hold for all j and r. Therefore,

i
J

il vi- s ‘: Vil =1V, =S| (r=1)V
n  n—(r-—1) n—(r—1) n(n—(r—1))
1

2
= m ||‘/} ﬂ5| — (T— 1)CZJ| S g\/18A] logn = 6\/5 \/ajn_l IOgTL

n

‘aj—a

for all j and r.
Let X; be an indicator variable for the event that us_1 € V;, ug € Vi, and ug_
is inserted into L. Let p; = p;(f) 4+ 5p5;(f). Then,

PIX,=1]=a"" Z a?tpj

i
=@y aipi+a; y (@) —a)p;+ (af —a)) >l
i j#i i
m
< a; Zajpj + a; Z 5" — aj| +]a]"" — a;
i =1

< Z a;p; + a; Z 6v/24/ a;n~tlogn + 6v2y/a;n~1logn.
j=1

J#i

Since ) 7" a; = 1, we have that the maximum value of 3 7", , /a; is obtained when
a;=ay="-++=a, = 1/m, so Z;n:1 V/@; < v/m. Therefore,
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P[X, =1] < ay Zajpj +6v2\/an—tlogn(1 + /a;m).
J#i

Define the quantity in the last equation by 6. As P[X;=1] < 0 for all ¢, we
have that the random variable I} = 25&:1 X, is dominated by a random variable
Y, where Y has binomial distribution with [ experiments and success probability
min(1,d). Since k > 1200logn, we have that y/a;n"tlogn = a;y/(a;n)tlogn <
a;n/k=tlogn < 4/1/1200 - @; and \/a;n~tlogn - /a;m < ai\/(n/k‘)n—llogn <
v/1/1200 - a;. Therefore, § < (1 +6v/2-24/1/1200)a; < Zamax, so E[Y] < 10 <
3 amaxl. Thus, by Corollary 2.3, we have that the probability that ¥ > E[V] +
\/3 2 20l - logn is O(1/n*5). Tt follows that with probability 1 — O(m/n*?) =
1 —O(1/n35), for all i,

I' <la; Zajpj +1-6V2y/a;n"'log n(1+ /a;m) + g\/amaxl -logn

J#i
9
< la; Zajpj +3vV2+/a;l - logn(1 + y/a;m) + 5\/amaxl -logn
J#i
<la; Z aip; + 9V amaxl - 10g (1 + \/Amaxm)
J#i
<la; Y a;p; + 18amaxy/ml - logn.
J#i

Similar arguments give a lower bound on I!, and lower and upper bounds on

I?,I?, and I}, namely with probability 1 — O(1/n3%),

1
|I? —la; Zaj(pfj + §p,:j)| < 18amaxy/mllogn  for s =1,3

J#i
s 1 _
|17 — la; Zaj(pfj + §pi_j)| < 18amaxy/mllogn  for s = 2,4.
J#i
Combining the above inequalities gives the desired bound on b;. [

In the next sections, we use procedure Partition in a slightly different scenario than
in Theorem 4.1: We have a random set S of vertices, and then the set T is randomly
chosen from V — S. It is easy to verify that the result of Theorem 4.1 is also valid
in that scenario.

We now give two cluster functions, which will be used later in our algorithms.
The first function, given in Lemma 4.2, will be used in the initialization stage (see
Section 1.2) to build the initial sets Lo, Ry. The second function, in Lemma 4.3,
will be used to in the imbalance amplification stage to build the pair L;, R; from
Li—1,Ri.

Our cluster functions, defined on a set T', will depend on the edges between v € T
and some set of vertices 7" CV —T.
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Lemma 4.2. Let u be a vertex from Vi, and let T be a random subset of V' — {u}.
Define f(v) = dgy(v) forallv € T. Then ¢1(f) = 2a1(1—a1)A and ¢;(f) = —2a1a;A
for all ¢ > 1.

Proof. Clearly,

py = Plf(v) =1, f(w) =0 e ViNnT,w e V;NT]
= P[(u,v) € E,(u,w) ¢ Elve ViNnT,weV,NT|=p(l—r)

and p; = (1 —p)r, so

al(f) =2a1 ) a;(p(1—7r) — (1 —p)r) = 2a1(1 — ar) A,
J#i
For i,j > 1, p;; = p;; = r(1 —7), p; = r(1 —p), and p;j = (1 — r)p. Therefore,
Cl(f> = —2a1aiA. [ ]

In the imbalance amplification stage (see Section 1.2), at each iteration we have a
d-unbalanced pair L', R’, and the goal is to build a new d-unbalanced pair L, R such
that the imbalance of L, R is at least twice the imbalance of L', R’. To build this
pair, we use procedure Partition on a set of vertices T and cluster function f, where
T is a random subset of V — (L'UR’), and f(v) = dp/(v) — dr(v) for allv € T. We
now give some intuition on how the L, R-imbalances behave.

Denote b; = I(V;, L', R"). For a pair of vertices v € V; and w € V}, the probability
that v wins in a duel with w depends on the value of b; — b;. More precisely, the
winning probability of v behaves like the normal cumulative distribution function
as a function of b, — b;. In particular, if |b; — b;| is large enough, then the winning
probability of v is close to 1 if b; — b; > 0, and close to 0 if b; — b; < 0. If |b; — b;] is
small enough, then the winning probability of v is roughly % + \/%(bl —bj).

Now, suppose w.l.o.g. that by > by > --- > b,,. Since by — b; is “large” for
every ¢ > 2 (recall that b; < by < 0by for 6 < 1), we have that the vertices of V}
almost always win when they are in a duel against vertices of the other clusters.
Thus, the L, R-imbalance of V; will be large, and V; will be the cluster with the
largest L, R-imbalance. However, if by — b3 is also large, then the vertices of V5 will
almost always win when they are in a duel against vertices of the clusters Vs, ..., V,,.
Thus, the L, R-imbalance of V5 will also be large, and close to the L, R-imbalance
of V4. In other words, the pair L, R will not be §-unbalanced. In order to avoid this
problem, we will make sure that by — b3 is “small” by requiring an upper bound on
by — b,,. This upper bound causes all the winning probabilities to be approximately
I+ \/%(bl —b;). The following lemma (combined with Theorem 4.1) will show that
I[(V;, L, R) = ca; - b; for some constant ¢ that depends on p, r, m, and |T|. Thus, in
the case of equal sized clusters, when moving from the pair L', R’ to the pair L, R,
the imbalances of the clusters are (approximately) multiplied by the same factor.
Since L', R’ is J-unbalanced, we have that L, R is (4 + €)-unbalanced for some small
€. Moreover, if ca; > 2 then the imbalance of L, R is at least twice the imbalance of
L' R.

1

We now formalize the ideas described above. Denote I' = max; |a; — —|.
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Lemma 4.3. Let 77 be a random set of vertices of size 2I. Let L' and R’ be two
disjoint sets such that 7" = L’'UR' and |L'| = |R'|. Let T be a random subset of V —T"
(of arbitrary size). Define b; = I(V;, L', R'), and define f(v) = dp/(v) — dg(v) for all
v € T. Suppose that p,r € | [ > Tlogn/amax, and max; b; — min; b; < a/A\/Z
where o < 1. Let

471]

B = 21" + 5\/ amaxl " logn

and

=2 - D)

Then, with probability 1 — O(1/ n3 %),

c(f) — 'yA\/Zai <b,- — iajbj)

for all 4.

< 3AVIa(BA + Za?)(maxb; — minby) + 3
9 J J V1

Proof. W.lo.g., we assume that b; > by > --- > b,. By Corollary 2.4 (with
Y = 2lamax), with probability 1 — O(1/n*%), |A} — 2la;| < /3 -4.5 - 2amaxllogn for
all j (we use the fact that [ > 7logn/ama.y). We will now assume that [A — 2la;| <
V2T amaxl logn for all j, and we will estimate ¢;(f) for some fixed i.

Recall that ¢;(f) = 2a; ), a;(p;; — p;;), so we need to estimate p;; — p;; for all
j. Fix some j #4,veV,NT, andwe V;NT.

We denote L' = {uy,...,u} and R = {u;41, ... uy}. We have that f(v)—f(w) =
Zilzl X, where X1, ..., Xy are independent random variables with X, = dy, 3 (v) for
1<s<1, X, = —d{us}(v) forl+1<s<2l X, = —d{qu}(w) for 21+ 1 < s < 3I,
and X = du,_y)(w) for 3l +1 < s < 4l. Clearly, p;; = P [Z;”:lXS > 0|. Recall

that ®(x) denotes the normal (0,1) cumulative distribution function. Applying
Theorem 2.1, we get that

P - (ZX

where By = % Var(X,) and L;; = B;? Y% B [|X, — E[X,]"]. Similarly,

P — (1—@ <E éXS /\/BT]-)>

Combining (1) and (2) gives that
8
/By ) =1- L. (3)

zga (1)

Cﬂl»-h

/m)

4

< ng* (2)

al
>
s=1
To finish the proof of the lemma, we will simplify (3): We will replace the terms
E [Zil Xs], B;;, and L;; by other terms, and get rid of the ® function.

pi; — b = 20 <E
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We first compute the exact value of E [Zil Xs]. For s = 1,...,m, denote

Al = |V T'|. Let B(q) denote the Bernoulli distribution with parameter ¢ (i.e.,
a random variable with B(q) distribution has a value of 1 with probability ¢, and
value of 0 otherwise). Out of the variables Xj,..., X), there are Ag%“’ variables
with B(p) distribution, and the rest of the variables have B(r) distribution. Out of
X1, X, Ag;lbi variables have —B(p) distribution, and the rest of the variables

have —B(r) distribution. Similar claims hold for X1, ..., Xy, and therefore,

A’+lb AL+ 1b; Al — Ib; Al — Ib;
ZX (= S —p g (= )
A+ 1b; A+ 1b; A’ — b, A’ — b,
S B NS § I J J J Y J
p =l P A el - )
= plb; — rlb; — plb; + rib; = Al(b; — b;), (4)

where the second equality follows by canceling terms, and the last equality follows
from the fact that A =p —r.

Next, we give estimates on B;; and L;;. For a random variable X with dis-
tribution B(q) or —B(g¢), Var(X) = ¢(1 — ¢q). Thus, B;; = Zs  Var(X;) =
(A + Al)p(1 — p) + (4 — Ay — Al)r(1 —r). Since p,r € [3,3], it follows that
3/16 < p(1 —p),r(1 —r) <1/4,s0

1< By <L (5)

=~ W

Similarly, define h(z) = (1—2)3x+23(1—x), and we have that for a random variable
X with distribution B(q) or —=B(q), E [| X, — E [X8]|3] = h(q). Therefore,

4l

]' ]‘ / !/ / !/
L,-j:WZEHXS—E[XSH | = —n ((A; + A5)h(p) + (41 — A, — AL)h(r)) .
ij  s=1 i
We have that h(p) < 1 and h(q) < §, so
1 1 4 1
Ly < A= (6)

e R TR
Combining Equations (3), (4), (5) and (6), we obtain that
3
Py = v 2 20 (AUlbi = b))/ /By ) 1= 3/ VA (7)

We now wish to get rid of the ® in Equation (7). We do this by using the fact
that (ID( ) R % + \/L—x near 0. More precisely, for z € [0, a], where a < 1, we have

. L 1 _a® Al(b —b; ) Al(b;—b;) 2

2AIb; — b)), 2 3
> pS >/ 2T — 2t - .
pzy pz] - \/; Bw ( 90& ) 2\/2 (8)

then for J >,



Moreover, for x € [0, —1], ®(z) > % + Lz, s0 fori < j,

V2r

2AI(b; —b;) 3
Z—ps >/ = SRR A : 9
h p”_\/; VB; 2V ¥

Finally, in order to combine the lower bounds on pi>j — pfj into a lower bound
on ¢;(f), we want to replace the term B;; in (8) and (9) by a common term B
that does not depend on ¢ or j. In order to perform this replacement, we define
B =41Lp(1—p)+4l(1—L)r(1 —r), and need to show that B is close to By; for all
j (more precisely, we need to bound |1/,/B;; — 1/V/B)).

For every s, |Al —2la,| < \/2Tamaxllogn so |AL — 2| < |AL —2lay|+2l|a; — L] <
V2T amaxl logn + 2T < %ﬁl. Therefore,

Y 9 9
By~ 81 = | (44 - 2) 1) = r(1 = )| 2 G0 Al - p ] < S5

where the last inequality follows from the fact that p,r € [§,3]. Since B, B;; > 21,
we conclude that |B;; — B| < 28A - $B;; = 36AB;; and |B;; — B| < 33AB. Thus,
B%j <1+ %ﬂA and % <1+ %ﬁA. Using the fact that 1 +2 <1+ %x for all x,

we obtain that if B > B;; then

I I Y /R W T v el DO T
'@‘@‘@( 5o s (fiedn-t) < i<

and if B < B;; then

1 1 1 3 BA  BA
'@‘@§@<V”5M‘l>§@§ﬁ'

Combining the two inequalities above with Equations (8) and (9), we obtain that
for j > i,

2 Al(b; — b; 2 3
v 2y 220 gy 2y - 2

VB 2v1
2 Al(b; — b;) 2 , 3
>/ BA - Sa?) -
- \ﬁ VB PR oy
0 2 4 3
= ZAVI(b — b)) (1 = BA = Za?) — =,
SAVI(b: = b)(1 - 3 9%) =3
and for i < 7,
Y 3
PG — P = 5 AV = b)) (1 + BA) — NG

We now use the lower bounds on p;; — p;; to obtain a lower bound on ¢;(f):
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a(f) > 2a; <i aj%A\/Z(bi — b;)(1+ BA)

+ Z aj%A\/Z(bi —b;)(1—BA - §a2) - Z%%)

j=it1 i

> VA\[ZCL,- (bz — Zajbj — (ﬁA + goﬂ) Zaﬂbi - b]|> — 3%
j=1 J=1

Z ’}/A\/ZCLZ (bz — Zajbj — (ﬁA + ga2)(b1 - bm)) - 3%
j=1

Using similar arguments we obtain a matching upper bound on ¢;(f). [

5 Almost equal sized clusters

In this section we present an algorithm for finding a subcluster in the case where the
sizes of all clusters are almost equal: The algorithm requires that I' = O(1/mlogn).
We use algorithm Solves with a procedure Find that is described below.

Recall that the goal of procedure Find is to find a subcluster of G. We first
show that given a %—unbalanced pair L, R whose imbalance is large enough, we can
generate a subcluster of G using the following procedure (the input to the procedure
is a cluster graph G, and disjoint sets of vertices L, R, and S):

Subcluster(G, L, R, S):

1: Let vy,...,v9 be an ordering of S such that f(vi) > f(v2) > --- > f(vg)),
where f(v) = dr(v) — dgr(v).

2. Let j be the first index for which f(v;) — f(vj4+1) > 154/|L| - logn.

3: Return {vy,...,v,}.

Lemma 5.1. Let L and R be disjoint sets of vertices with |L| = |R|, and let S be
a random subset of V — (L U R) of size at least Tmlogn. Let b; = I(V;, L, R) and
w.lo.g. by > by > - > by, If by —by > 30+/log n/A\/m then procedure Subcluster
returns the subcluster V; NS with probability 1 — O(1/n?).

Proof. Define [ = |L| and D = 45/ -logn. The failure events of procedure
Subcluster are:

1. SNV, =0 for some 3.
2. [f(v) = E[f(v)]| > ¢D for some vertex v € S.

The probability that event 1 occurs is o(n™3). The probability that event 2 hap-
pens is o(n™?) (this follows from writing f(v) as a sum of 0/1 random variables
minus a sum of 0/1 random variables, and applying Corollary 2.3 on each of these
summations). For the rest of the proof assume that none of these events happens.
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Forv e Vi, E[f(v)] = Alb; (see the proof of Lemma 4.3). Since Alb; —Alby > Al-
(30vIog n/AV1) = 2D, it follows that min,ev;ns f(v) — maxyes_v; f(v) > (Al —
tD) — (Alby + ¢D) > £D. Furthermore, for v,v' € Vi NS, |f(v) — f(v')] < 3D.
Therefore, {vy,...,v;} =V NS. |

Procedure Find will build a %—unbalanced pair with imbalance at least %~30\/10g n/ A\/m
and then use procedure Subcluster to find a subcluster. As outlined in Section 1.2,
building this pair consists of two stages. In the initialization stage, procedure Find
builds two initial sets Ly and Ry using procedure Partition and the cluster function
of Lemma 4.2. In the imbalance amplification stage, a series of pairs L;, R; is gen-
erated, where L;, R; is generated from L; 1, R; ;1 using procedure Partition and the
cluster function of Lemma 4.3. Each pair L;, R; is %-unbalanced, and moreover,
the imbalance L;, R; is at least twice the imbalance of L, 1, R;_;. If we are able to
build such a series, then at some point we will have a %—unbalanced pair L;, R; with

imbalance at least % -304/|L| - logn, and then we will use procedure Subcluster to
find a subcluster (Lemma 5.1).

The algorithm outlined above has a crucial problem: In order to use Lemma 4.3,
we need the imbalance of the pair L;, R; to be at most ¢/A/|L,| for some constant
¢ < 1. The imbalance amplification stage might generate a pair L;, R; whose imbal-
ance is more than 1/A+/[L,| but less than 1.30y/Iog n/A+/]L;]. In this situation,
we can neither generate a new pair L;,1, ;1 or obtain a subcluster from the cur-
rent pair. The solution to this problem is to build at each iteration an additional
%—unbalanced pair f)t, R,. The pair f)t, R, is built using procedure Partition and
the same cluster function that is used to build L;, R;, and therefore the imbalance
of L;, R, is approximately the same as the imbalance of L;, R,. By making the sets
L, and R, bigger than L, and R, by a factor of Q(logn), we obtain that at every
step, either

e The imbalance of L, R; is at most ¢/A+/|L:|, and we can be build a new pair
Lit1, Ryya, or

e The imbalance of L, R, is greater than ¢/A+/|L,|. In this case, the imbalance
of Ly, Ry is Q1/AVLy]) = Q(vIogn/A/|Ly|) and procedure Subcluster,

applied on Ly, Ry, can build a subcluster.

Formally, procedure Find is as follows:

Find(G, V"): A A
1: Let | = 10"(m2A~2log”>n +mlog’n), Il =1/(5-10°logn), I' = 1/(5 - 10 log® n),

s = 2500mA~2logn, and D = 45\/Zlogn. Let l, =lfor0<t<2andl, =1 for
t>3.

2. Randomly select disjoint sets W and W, of vertices from V' of sizes 20 and 21,
respectively.

3: Randomly select some unchosen vertex u from V.

4: Lo, Ry — Partition(G, W, dguy) and Lo, Ry < Partition(G, W, dguy ).

5 Fort=0,1,...,logn do
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Figure 2: The sets created by procedure Find.

6: Randomly select disjoint sets W;,; and S; of unchosen vertices from V' of
sizes 2l;11 and s, respectively.

7: Let vy,...,vs be an ordering of Sy such that fi(vi) > fi(vs)
where fi(v) = d; (v) —dp, (v).
If max;{f;(v;) — ft(Ug+1)} >D

: Return Subcluster(G, Lt,Rt, S).

100 Lysq, Ryyy — Partition(G, W, dy, — dg,).

11: Ly, Ryvq — PartlthH(G, Wiiq, st — th).

12: Output ‘Failure’.

>z felvy),

See also Figure 2. The total number of vertices selected by procedure Find is at
most 20 + 1+ slogn + 2 Zlognﬂ I, < 31, and this number can be more than n/3 for
some choice of parameters, making the procedure inapplicable. However, we assume
that & > 10°A~"y/nlogn, and in that case, m < % < Ay/n/(10%logn). Therefore,
30 < n/3.

Note that in the first three iterations of Steps 6-11, the sets L;, R; are bigger
than in the rest of the steps. The reason is that in these steps, the imbalance is
small, so in order to get a small relative difference between the imbalances and the
expected imbalances, we need to use bigger sets (see Theorem 4.1).

Denote bl = I(V;, Ly, Ry), b = I(V;, Ly, Ry), vt = bt/bL, and # = bt /bt We also
denote ¢ = ¢;(dg,y) and ¢ = ¢;(dg, — dg,) for t > 1. In the following, we assume
w.l.o.g. that the vertex u chosen in Step 3 is from V;. Let t* be the value of ¢ when
the procedure Find stops. For simplicity, we assume that t* > 4 and m > 3. The
cases t* < 3 or m = 2 are simpler and we omit the analysis for these cases.

In the next lemmas we analyze procedure Find. To prove its correctness, we
need to show that (1) Procedure Find executes step 9, and (2) When procedure
Find executes step 9, the condition of Lemma 5.1 is satisfied. In order to show (1),
we will show that b > e - bi™!, for all ¢. Since % < b <1, it follows that procedure
Find must stop after at most logn iterations. In order to show (2), we will show
that all the pairs L;, R; are —-unbalanced that is 7! § g for all ¢ and ¢ > 1. More
specifically, we will show that rO < s foralli > 1, and moreover rt—r?| < &5 for
all £ and 7 > 1. Note that Property 1 is trivially satlsﬁed as there are no important
edges (the cluster V; is determined only by the random choice of u).

Define d; = 7=+ 2 for t < 2, and d; = 755 - 2+/logn for t > 3. The following

100 m = t T T
events can cause procedure Find to fail:
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1. |bt — ¢t| > d; for some 7 and t.

2. bt — ¢t| > d, for some i and t.

3. [Vin S| < %ais for some ¢ and ¢.

4. |fi(v) = E[f(v)]| < D for some t and v € S;.

The following Lemma bounds the probability of these events.

Lemma 5.2. Suppose that I' < 1/(10000mlogn), k > 108A~1/nlogn, and p,r €
[1,2]. Then, the probability that at least one of the events 1-4 happens is O(n™?).

Proof. For fixed ¢, we have from Theorem 4.1 that the probability that b — cf| >

72ama}m /™ log n for some 7 is O(n=*%). Since 72amax~/ 7 logn = (140(1))724 /- logn <

=+ 2 it follows that event 1 happens with probability O(logn - n=%%) = o(n™?).
The same arguments gives that event 2 happens with probability o(n=3).
By Corollary 2.4, the probability that event 3 happens is o(n~?), and by Corol-

lary 2.3, the probability that event 4 happens is o(n™?). [ ]

For the rest of this section, we assume that events 1-4 do not happen. We first
analyze step 4 of procedure Find.

Lemma 5.3. Under the conditions of Lemma 5.2, with probability 1 — O(1/n?),

L0 > (1 g5)355-

: 11 0 20 » 1
2. For all 7 > L,—5— 5 <77 < 105
Proof. In the proof of lemma (and also in the proofs of the next lemmas), we only
prove the bounds on b and ¥, as the bounds on oY and 7 are similar.
(1) From Lemma 4.2, we have that

£:2mu—aQA22ﬂ—dwﬁgr—u+dwﬁbA2(L—dnégf

Therefore, b > ¢ — df > (1 — )32
(2) By Lemma 4. 2, & = —2a1azA for every i > 1. Therefore, bY < ¥ +dy < dy <
=2 Thus, r) < 0 Furthermore ) > 2((1+0( )L)2A > —(1+0(1)22, so

100 » b Z

by > —dy > —(1+ )22, Thus, 1 > —(1+ )22 /(( —ﬁ)%%)z—i—%. n

—_

Next, we analyze the first three iterations of steps 6-11.
Lemma 5.4. Under the conditions of Lemma 5.2, with probability 1 — O(1/n?),
1. Forall 0 <¢ <3, 0} > log?n - b9 and lA)’i > log?n - 13(1]

2. Forall0<t<3andalli>1,|rf—7r? < Oand|r — 0 <

10 100°

Note that by combining Lemma 5.3(2) and Lemma 5.4(2) we obtain that —1 — 5= <
ri< 55
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Proof. The lemma is proved using induction on t. The base ¢t = 0 it true due to
Lemma 5.3. Assuming we proved (1) and (2) for ¢, we will prove these bounds for
t + 1. For the rest of the proof, we assume w.l.o.g. that o} >0, > --- > 0! .

(1) From the induction hypothesis, it suffices to prove that b{** > /logn - bt.
For a vertex v € V; NSy, E [f,(v)] = Albl. We have that Al(b} — b) < 2D, because
otherwise, the difference between the minimum value of f;(v) for v € V; NSy and
the maximum value of f;(v') for v' € S; — Vi would be at least 2D — 2 - %D > D,
contradicting the fact that the algorithm did not stop at iteration t. From the fact

that |b] — %] < 2d;, bt — bt\ < 2dy, and r! > —3 — & (the latter is true due to the
mductlon hypothesis) we have that for all and 7, ]bt — bl < bt — bt\ + 4.2

n bt + 2. 2 By the induction hypothesis b > 2 and bt < 1£(bt — bt). Therefore,
for all 4 and j, |bf — b4| < (38 + 2)bt < 2(b — bh) < 4D/Al = 180\/logn/A\/i. As
[ =5-10°-1logn, we conclude that for all i and 7, |’ - b < \/% : ﬁ < - ﬁ.

Denote Fy = yAV1 (where + is defined in Lemma 4.3), and F = Fy/m. By
Lemma 4.3,

" 2 1
1 /2
b > Foay (bﬁ — jil ajb§ — <2FA +5 - logn- A+ = 5 122) (bt — bt )>

a1 t4+1
—3— —di.
N/

We now give bounds for the terms in the inequality above.

o (1—0(1)F < Fya; < (1+0(1))F (follows from the fact that I' = o(1)).

e Since rf > —3 — 55, it follows that [b| < bl for all j. Using the fact that

> b§ = 0, we obtain that

D CEEILEDS
j=1 j=1 m J=1

bl <mIb = o(b).

1
a/ [
T om

e 2I'A = 0o(1) (follows from the fact that I' = o(1)).

e 5,/2logn- A =o(1) (follows from the fact that [ > 2 - 10 log*n).

e by — by, < 2b; (follows from the fact that rf > —3 — ).

e From the fact that F = yAvI/m > 3Av/I/m > 10000y/Togn and b, > log"? n-

A/m we conclude that
ay 3 1 A) t
3L 2 20 (=) = (),
i<~ (V)

and
dt+1 (Fbt )
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Combining the bounds above we get

bt > (1 —o(1))Fb: — (1 +0(1))5F6t o(Fb}) > (1 — —) Fbt > y/logn - V.

t+1 t‘ < In

(2) Using the induction hypothesis, we need to show that |r; o5
the first part we have shown that b > (1 — —)F bt. Using snnllar arguments we
obtain that bi™" < (14 5)Fbi, or in other words, |bl“rl Fb}| < 5 Fb:. Similarly,
bt — FbE| < QOOFbt Therefore,
bt 0" — Fbl| + |Fol — rfb | |6l — Fol| 4 vl | FbY — b
— bt-‘rl o bt-i-l
1 1

(1+ io)%oFbt 1

t
bt—i—l -1
1

< < —. |
= (1= 55 Fbt 100
Finally, we analyze the remaining iterations of steps 6-11.
Lemma 5.5. Under the conditions of Lemma 5.2, with probability 1 — O(1/n?),
1. For 4 <t <t*, bt > 2310g¥?n - 10 and bt > 203 10g®? n - 10.
2. Forall 4 <t <t and all i > 1, |rf — ]| < @h2o + 55 and |7 — 77| <
t=3 , 3
100logn ' 100"
Note that by combining Lemma 5.3(2), and Lemma 5.5(2) we obtain that —3 — 5= <

t < L
T < 15-

Proof. Again we prove the lemma using induction. Assume we proved (1) and (2)
for t. W.lLo.g. b, >bh > ... >0 .

(1) It suffices to prove that bitt > 2b%. Similarly to the proof of Lemma 5.4, we
have that for all i and j, [bf — b}| < 180\/log n/A\/l and smce [=5-10%-1"log?n,

we conclude that [bf — bf| < 7 lljflogn A\/— S o /—10gn A\/_

Denote F}, = yAV1', and F’' = F}/m. By Lemma 4.3,

= /| 2 2 1
1 /
b’i"' > Foal (bi - ]EZl ajb§ - <2FA +5 —l logn A+ — 9 W) (bi - b%))

a1 t+1
— 3% —dim.

Now,

o S asbh < mIb < b

1
104 logn

o 2I'A <

10%logn logn

®5 \V m = 10%logn logn
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o U} — bl <20,

° 3% =0 <\#) =0 (%) =0 <loénF’b§), where the last equality follows from

the fact that £/ = yAvVI'/m > 2AVI'/m > 10000 and b} > log®%n - A/m.

t+1 1 A 1 /1.t
[ dl =10 mV logn S 1061ogn - P bl‘
Thus,

1 144410 1 1\ 1
ret ) F'i — o F'H)

B> (11— ——— ) P — (14 0(1) [+ — + —
! —< 10410gn> ! (+O())< 107 324 109

1
>(1— —— | F't..
200 logn

In particular, b{t > 20,
(2) Similarly to the proof of Lemma 5.4, [ — Fbi| < L Fbt. Similarly,

200 logn
t+1 ¢ 1 ¢ tH1
;7" — Fbi| < 5551657 £b1- Therefore, [ri™ —ri] < |

logn

1
100logn *

Lemma 5.6. Under the conditions of Lemma 5.3, with probability 1 — O(1/n?),
procedure Find returns a subcluster of V; of size at least 12001logn/A2. The running
time of procedure Find is O(m?A~*log®n - (m + logn) + m?log” n).
Proof. By Lemma 5.5, for all 4 <t < ¢*, b > 2'- b9, We have that by > %, so
b, > 2'/n. Since b < 1 by definition, we conclude that t* < log n, namely procedure
Find stops at Step 9. We now look at the last iteration of procedure Find. W.l.o.g.
assume that lA)’fL > lA)’; > > I;;tn

For v € V;, E[fi-(v)] = Al . As max;{ fi-(v;) — fi=(vj11)} > D, we have that
there is an index i such that AIbl — AIbL,, > 2D. By Lemma 5.5, Al — b)) >
Al =0, > 2D. Therefore, procedure Subcluster returns the subcluster V; NSy
(Lemma 5.1). Finally, we have that |[V; N S| > Lais > 12001logn/A2.

We now compute the time complexity of Find: In a single iteration, the time to
compute f,(v) for all v € S is O(sl), and the time taken by the call to Partition is
O(l,l). Therefore, the time complexity of Find is

X o 3
O(sllogn + 1l +1'llogn) = O (% log®n - (m + logn) +m?log’ n) : [
Lemma 5.7. I' < (max; |Vi|/k — 1)/m.

Proof. Denote r = max; |V;|/k = @max/Amin- By definition, I' = max{amax — =, =~ —
Apin }- Clearly,

r
Amax = TQmin S -
m
and 1 11 1
min:_maxz_'_z 1-— -1))—.
i = e = 5+ -2 (1= (7= 1)
Therefore, max — = < (r —1)/m and L — 4y < (r —1)/m. |

We are now ready to prove Theorem 1.1.

27



Proof (Theorem 1.1). Let G be a cluster graph that satisfies the requirements of
Theorem 1.1 and requirements (R1)—(R3) from Section 3. From Lemma 5.7 we get
that for every cluster collection G’ of G,

le <max|Vi|/ker < max|Vi]/k
<14+ 1/(10000mlogn) <1+ 1/(10000m¢ logng:).

It follows that every cluster collection of G satisfies the requirements of Lemma 5.6.
Theorem 1.1 now follows from Lemma 5.6 and Lemma 3.3. [

6 Unequal sized clusters

In this section we give an algorithm for finding a subcluster in the general case. We
use algorithm Solves and procedure Findy which is similar to procedure Find that
was given in Section 5.

We first describe the main differences between procedures Findy and Find. First,
unlike procedure Find, in which the vertex u was chosen randomly, in procedure
Find, the vertex u must be chosen in a way that ensures that the size of the cluster
that contains u is almost equal to the size of the largest cluster. This is done in
the following way: Procedure Find, randomly chooses two sets of vertices U; and
Us,, and then selects u to be the vertex from U; with highest dy,-value. A second
difference comes from the fact that our analysis in the general case is less tight than
the analysis in the case of almost equal sized clusters. As a result, procedure Find,
can perform only a constant number of iterations. This leads to a different choice
of parameters (namely, the sizes of the sets built by the algorithm).

Procedure Finds is as follows:

Findy(G, V', €):
1 Let A= 23" [ = 101005 (mA~21og? n+m?A=20%9 logn), I = [/(10°A" log n),

s = 2500mA~2logn, D = 50A%y/llogn, u; = 3mlogn and uy = 5.
2: Randomly select disjoint sets Uy, Uy, W, and Wy of vertices from V” of sizes s,
uy, usg, 21, and 2[, respectively.
Let u be a vertex in U such that dp,(u) is maximum.
ﬁo, Ry — Partition(G, W, dguy) and Lo, Ry < Partition(G, W, dguy ).
Fort=0,1,...,[1/¢] do
Randomly select disjoint sets W;,; and S; of unchosen vertices from V' of
sizes 2/ and s, respectively.
7: Let vy,...,vs be an ordering of S; such that fi(vy) > fi(va) > -+ > fi(vs),
where fi(v) = d; (v) —dp, (v).
8: If man{ft(Uj) — ft(vj—i-l)} > D
9: Let j be the first index for which f;(v;) — fi(vj41) >
10: Return {vq,...,v;}.
11: Lysq, Ryyy — Partition(G, W, dy, — dg,).
12: Ly, Rivq — Partition(G, Wiiq, st — th).

D,

2
5)2

See Figure 3. The total number of vertices selected by procedure Find, is u; +
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Figure 3: The sets created by procedure Find,.

uy + 20+ ([1/€] +1) - (21 4+ s). We assume that the bound k > 106A3A~1y/nlogn -
(vIogn + A™¢) is satisfied, and in that case, the total number of vertices selected
by procedure Find is less than n/3.

In order to satisfy Property 1, we make a small change in procedure Finds:
During the calls to procedure Findy by algorithm Solves, the set Us is chosen only
once, at the first call to Findy, and its vertices are marked (the marks on the vertices
are maintained globally in the algorithm). In the next calls to Finds, we use the
set Us that was chosen in the first call, without the vertices that were removed
from the graph G. Moreover, the set U; is chosen randomly from all the unmarked
vertices of V’, and then its vertices are marked. Finally, the other random sets in
the algorithm are chosen from the unmarked vertices of V', but their vertices are
not marked. Clearly, the sets U; that are chosen at the different calls to Find, are
disjoint, and therefore Property 1 is satisfied (the important pairs are all pairs (u, v)
where u € Uy and v € U; for some set U;). For simplicity, we will analyze below the
original procedure Finds.

We now analyze procedure Find,. We assume w.l.o.g. that the vertex u chosen
in Step 3 belongs to the cluster Vi. Recall that A; = |V;| and Ay, = max; A;.

Lemma 6.1. If £ > 1200logn then with probability 1 — O(1/n?), A; > Apax —
150A~t/nlogn.

Proof. Let V; be a cluster of maximum size. Denote A} = [Us N Vj| for all j.
Consider the following failure events:

L. UynV;,=0.
2. |dy,(v) — E[dy,(v)]| > V3 - duglogn = ?\/nlogn for some v € Uj.
3. A% — %u2| > /34 uxlogn = ?x/nlogn for some j.

The probability of event 1 is at most (1 —a;)" < e™%% < e~/m = =3 By
Corollary 2.3 and Corollary 2.4, the probability that events 2 or 3 happen is O(n=3).
For the rest of the proof, assume that events 1-3 do not happen.

Let w be a vertex from U; N'V;. For v € V; we have E [dy,(v)] = AJA + uyr.
Thus,

ATA + ugr + ?x/nlogn > dy, (u) > dy,(w) > ALA + ugr — ?vnlogn,
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so A} > A, — 2BA-1/nlogn. Therefore,

Ay > ﬁAl - ——\/nlogn

U2
, V3
>—A — 100 - ~1y/nlogn — 100 - —\/nlogn
>A — 150A™ \/nlogn [

In the following lemma we use the same definitions of bf, b, rf, 7!, ¢!, and t* as in
Section 5. We again assume that m > 3. Define d = % -a1A. The events which can
cause a failure of procedure Find, are:

1. A; < Apax — 150A~ Y /nlogn.
2. S, NV; =0 for some 7 and t.

3. [fi(v) = E[fi(v)]| > 52D for some ¢t and v € S;.

-

|bt — ct| > d for some i and t.

Lemma 6.2. Let € > 0 be some constant If max; a; < 2/3, k > 106 \3A~1/nlogn -
(Vlogn+ A=), p,r € [4, 4] and A < 10)\3, then the probability that at least one of
events 1-4 happens is O(n=3).

Proof. The probability that event 1 happens is O(n™®) (Lemma 6.1). By Theo-
rem 4.1 we have that the probability that |bf —c}| > T2amax+/T logn for some i and ¢
is o(n™®). Assuming that event 1 does not happen, A; > Amax —150A~Y/nlogn >
(1 —150/(10%28/Tog n)) Amax = (1 — 0(1)) Appax. Therefore,

72 1
2 \/ 1 A< — A,
7 Gmax l ogn ~ 100)\2 * Umax )\2 s ay

so the probability that event 2 happens (assuming that event 1 does not happen) is
o(n™3). The probability that event 3 or 4 happen is O(n~3). |

For the rest of the section assume that events 1-4 do not happen.
Lemma 6.3. Under the conditions of Lemma 6.2, with probability 1 — O(1/n?),
1. b(l]’g(l] 2 %alA.

2. For all ¢ > 1,—% < rl, g

l\DI»—A

3. Forall 1 <¢<t* bl >2A .50 and bt > 2A~ . 19

4. Forall 1 <t <t*andalli>1, —2% <rl 7l <1-—1/2%

’l’l
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Proof. Again, we prove the bounds of the lemma only for b} and 7, as the bounds
for b and 7! are similar.
(1) By Lemma 4.2, we have that

2
A =2a;(1—a))A > galA.

Therefore, by > ¢ —dy > (2 — 35) 1A > a1 A,
(2) By Lemma 4.2, ¢! = —2a1aZA for every i > 0. Therefore, b? < ? +d < d <
sayA. Furthermore, c? > - (asa; <1—ay),0b) > —d>—(1+ 3)c). Thus,
2 ST S5
(3) Fix some ¢t. We will show that b > 2A~h¢. W.lo.g. assume that b} >
by > - >0t
As in the proof of Lemma 5.4, we have that

it 1 8 .
|b§_b§|S|b§_b§|+4'ﬁ'a1A§)‘<)‘+1+ﬁ)(bt i)
Vviegn 1 1

A\/?_5>\1'5'A\/Z

2D

<227 = =200\ -

for all ¢ and j.

Denote Fy = WA\ﬁ (where 7 is defined in Lemma 4.3), F' = Fyanax and Y =
(D°72, a;b;) /b5 By Lemma 4.3,

= (max 2/ 1\

J=1

ay
—3—= —d;.
N/

We have
® (1 - 0(1))F S F()a,l S F.
o TA < 5.

Qmax i 5 . _1
o 5,/™=logn A< 0552 * T35

o bl — b, < (14 A

[ ]
w

4 =0 (alﬁ> = o(Fb) (since F > 3AVI/m > 150\2A¢ and b} >
alA

~—

N[

o di =+ aA<
Thus,

A+l A+1 200+1) 1 )
1)) Fb
s T aoow T o s )) !

1

bfi—H Z F()Cll . (1 - Y)bfi - <
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Now,

m

< 2, 1 2 1

J=1 Jj=2

Therefore, 1 =Y > 1(1 — rb)b} > 2 and

1 3\
1 -
Vit > (1—0o(1)(1 - Y)FV, — 4—)\2Fb§ > (1 —o(1) — 4)\2) (1-Y)FV,
>(1- 1 (1-Y)Fb, > L Fvt > N 150\2A~HE > 2A<b
= ) L=9 73X 7 17 6 ! v

(4) By Lemma 4.2,

m 2
1 Omax 2 1
B < Foa, <b§ - <2m NI (5 »5) ) (- bfn))

a
+3—+d
Vi

- 1
S Foai <b;t - Zaﬂ)ﬁ) + wai
j=1

m

1
< Fmax(0,b) = > a;bh) + NFbﬁ

J=1

1
< (maX(O, Tf - Y) + w) Fbi

We have already shown above that
t+1 ]‘ t
bi™ > 1_X (1-Y)Fb;
Hence

T

< max(0,rf —Y) + A2 <(14 2 max (0,7 —Y) + i)\_é
! (I=XA"1H(1-Y) A 1-Y

m m

t t __ gt __ .t 1t
E ajbj > g a;b,, = b, = r,.b},
=1 i=1

we have that Y > rl > —23t, and it follows that

_ 1 t 1\—
o 1+g rf—rﬁn+i)\2< 1+2 1= o + 27 + 4072
i ) 1—rt = A 1+ 2%

142, 2 1 1 o]
SO T2 A (1% - 2
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Using similar arguments we obtain that

2\ min(0,rf —Y 7’—1 1)\2
l?+1> 1 =
iz () R () g

2 rt— —1>\2 (23t+1) a2
~(1+5) » 3<n) "

> 4 22 3t > 23t+1

Lemma 6.4. Under the conditions of Lemma 6.2, with probability 1 — O(1/n?),
procedure Find, returns a subcluster of V; of size at least 1200 logn/A?. The running
time of procedure Find, is O(m*A=*1+) logn + m2A~*1log® n + mA~'nlogn).

Proof. If A < 10%, then from Lemma 6.3 we conclude (similarly to the proof of
Lemma 5.6) that with probability 1—O(1/n?), procedure Find, returns a subcluster
of size at least 1200 logn/AZ.
We now consider the case when A > 10/\3 We will show that procedure Find,
stop after the first iteration and return a subcluster of V; of the required size.
W.lo.g. assume that 50 > 53 > ... > lA)O. The proofs of items 1 and 2 in
Lemma 6.3 are also valid for the case A > 10/\3 Therefore, we have that 13(1) — ISS >

109 > tayA > L2 For v € Vj, E[fy(v)] = Albf. Thus,

) 1 1 - 1A 2
. N 0 0 T
JJain fo(v) — max fo(v) = Al(b = by) =2 el 2T U T 5

Hence, procedure Find, stops at Step 10 and {vy,...,v,;} = Vi NS,.

As the number of iterations is at most [1/¢] = O(1), the time complexity of
Findy is O(sl + 1 + uyuy) = Ol 4+ uyuy) = O(m* A0+ logn + m2A~*log® n +
mnlogn). |

Combining Lemma 5.6 and Lemma 6.4 proves Theorem 1.2.
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List of Symbols

Symbol Meaning Introduced on page
A p—r 1
r max; |a; — % 17
A Vi 7
ai — |Vil/n 7
A max; A; 7
Umax  Amax/n 7
b I(V;, Ly, Ry) 23
ai(f) 2a; > a;(p7;(f) — pi;(f)) 14
a  alduy) 23
¢ cldy, —dg,) 23
ds(v) Number of neighbors of v in S 3
5 {ﬁ g s 23
105 - mVlogn ift >3
filv) dj,(v) —dg,(v) 23
I(V;, I, R) JRHmol 13
k min; |V 1
m Number of clusters 1
n Number of vertices 2
D Probability for an edge between vertices of same cluster 1
p(f) Plf(v) > f(w)lveVinT,weV;NT] 14
r Probability for an edge between vertices of different clusters 1
rt bt /bt 23
Vi i-th underlying cluster 1
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